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    Abstract:  In  this  research  paper,  nonlinear  digital  

filters  based  on  weak  superposition  of  binary  output  of  

rotation  invariant  Boolean  filters  (  operating  on  the  

binary  signals   obtained  by  threshold  decomposition  of  

digital signal ) are  proposed.  Also,  quadratic  filters  based  

on  Toeplitz  weight  matrix  are  proposed  and  are  related  

to  “correlation  filters”. 

 

Index  Terms:  rank  order  statistics,  weak  superposition, 

nonlinear  digital  filters,  threshold  decomposition. 

 

I.INTRODUCTION 

Dynamical  systems  arise  in  natural  phenomena  as  well  

as artificial  phenomena. Based on  the “principle of  Occam’s 

razor”, linear  dynamical  systems  were  subject  to  intense  

research  activity and  many  interesting  results  were  

discovered. Particularly, Linear  Time  Invariant ( LTI )  

systems  were  utilized  to  model phenomena  arising in control  

theory, signal  processing  as  well  as  communication  theory. 

In  digital  signal  processing  research  area, linear  time  

invariant  filters  were  characterized  by  the  associated  

impulse  response  which  could  be  of  finite  extent in  time 

(i.e.  FIR  filters ) or  infinite  extent  in  time ( i.e. IIR filters ). 

Such  filters  were  generalized  to  two  dimensions  as  well  sa  

multiple  dimensions. In  one dimension,  Finite  Impulse 

Response (FIR)  filters  were  specified  on  a finite  window  

size  in  time.  In the case of  such  filters,  the filter  output is a  

linear form/linear  function ( hyperplane )  in  the  signal values 

in  the  window. Researchers  were naturally  interested in 

nonlinear  filters  whose  output  is  a  quadratic  form ( with  

the  associated  weight  matrix )  in  the  vector  of  signal  values  

in  the  window.  Such  filters  were  called  as  “quadratic  

filters”. Several  interesting  results  related  to  such  nonlinear  

filters  were  discovered  and  documented  in  [6]. 

The  author  is  actively  interested  in  research  related  to  

quadratic  forms  which  have  engineering  applications. He 

realized  that  Rayleigh’s  theorem  related  to  optimization  of  

quadratic  form  over  unit  Euclidean hypersphere   leads  to  

interesting  results. Researchers  progressed  research  efforts  

related  to  rank  order  filters  ( i.e.  filter  outputs  an  order  

statistic  such  as  the  “maximum”  of  signal  values  in  a  filter  

window )  motivated  by  the  median  filter.  It  readily  follows  

that  rank  order  filters  are  “permutation  invariant”  filters  i.e  

the  filter output  remains  same  under  permutation  of  signal  

values  in  a  filter  window. As a natural generalization,  the  

author  became  interested  in  the  study  of   quadratic  filters  
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( a  type  of  nonlinear  filters )  that  are  ROTATION  

INVARIANT.  This  interest  is  based  on the  realization  of  

rank  order  filters ( permutation  invariant  filters )  using  

Boolean  filters. Specifically, Fitch et.al,  proved a  weak  

superposition  property  satisfied  by  rank order  filters.It  states  

that  the  output  of  rank  order filter  equals  the  weak  

superposition  of  binary  outputs  of  Boolean  filters  operating  

on  binary signals  obtained  by  threshold  decomposition  of  

input  digital  signal  ( at  various  thresholds ). In [2],  the  

authors  proved  that  ( in case of  rank  order  filters ),  the  

Boolean  filters  at  each  threshold  are  realized  using  Positive  

Boolean  Symmetric  Functions.   It  is   realized  that  arbitrary  

Boolean  functions  (  not  necessarily  positive  Boolean  

functions )  have  interesting  applications  in  cryptography. 

From  the  point  of  view  of  studying  Boolean  functions, 

several  interesting  open  research  problems  were  formulated. 

For  instance,  counting  the  number  of  rotation  invariant 

Boolean  functions  was  considered  an  important  research  

problem.  Lakshmi  et.al  provided  an  important  solution  to  

this  research  problem  on  counting  the  number  of  rotation  

invariant  Boolean  functions. Based  on  this  result  and  

realization  of  nonlinear rank  order  filters  ( i.e.  permutation  

invariant  digital  filters )  using  Boolean  filters,  the  author  

was  motivated  to  investigate  ROTATION  INVARIANT  

NONLINEAR  DIGITAL  FILTERS. 

This  research  paper  is organized  as  follows.  In  Section 2,  

related  research  literatue  is  reviewed.  In  Section 3,  nonlinear  

digital  filters  based  on  weak  superposition  of  binary outputs  

of  Boolean  filters  ( operating  on  binary  signals  obtained  by  

threshold  decomposition  of  digital  signal )  are  investigated.  

In  Section  4,  rotation  invariant  filters  are   related  to  

quadratic  filters  based  on  Toeplitz  weight  matrix. Such  

quadratic  filters  are   related  to  “correlation  filters”  proposed  

in  the  research  literature.   

 

II. REVIEW  OF  RELATED  RESEARCH  LITERATURE 

Nonlinear  digital  filtering  received  attention  of  researchers  

in  signal  processing.  For  instance,  Allen  Oppenheim  

proposed  the  class  of  homo-morphic  filters.  Also, motivated  

by  robust  image  processing,  median  filters  were  investigated  

thoroughly [5].  Fitch  et.al   proposed  the  concept  of   

threshold  decomposition  of  a  digital  signal  and  showed  that   

rank  order  filters  (  such  as  minimum  filter,  median  filter,  

maximum  filter )  satisfy  a  weak  superposition  property  

based  on  Boolean  filters [1].  It  is  well  recognized that  rank  

order  filters  are  permutation  invariant  filters.  Naturally,  

using  the  condition  of  rotation  invariance,  filters  satisfying  
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rotation  invariance  property (  so  called  rotation  invariant  

filter  )  were  proposed.  The  author,  proved  that  Boolean  

filters  utilised  at  each  threshold  in  rank order  filter 

implementation (  based  on  threshold  decomposition )  are  

associated  with  Positive  Boolean  Symmetric  functions.  This  

research  paper  is  motivated  by  an  effort  to  realize  a  class  

of  rotation  invariant filters  based  on  weak  superposition  (  

in  the  spirit  of  rank  order  filters ). Further,  researchers  

proposed  quadratic  filters  for  interesting  signal  processing  

applications [6]. In this  research  paper,  we  propose   rotation  

invariant  quadratic  digital  filters  and  relate  them  to  the  

class of  correlation  filters  proposed  in   the  research  literature 

[8]. 

 

III. ROTATION  INVARIANT  NONLINEAR DIGITAL 

FILTERS  BASED  ON  WEAK  SUPERPOSITION 

In order  to  propose  an  interesting  class  of  rotation  

invariant  nonlinear  digital  filters, we  need  the  concept  of  

threshold  decomposition  of  a  digital  signal.  We nterpreted  

threshold  decomposition  property  from  the  point of view of 

number  theory.  Formally,  we  now  explain   the  connection  

between  signal  processing  and  number  theory. 

Consider  a  digital  signal  in  a  window  of  length, M  i.e. 

{ 𝑢[𝑛] }𝑛=1
𝑀  ( u[n]  is  the  signal  sample  value  at  discrete  time 

index ‘n’ ).  Let  the  digital  signal  assume  atmost  ‘K’  values  

i.e.  For  each  ‘n’,  𝑢[𝑛] ∈ { 1,2, … , 𝐾 }. 
Definition:  Partition  of  an  integer, L  is  given  by 

                        L =  𝑙1 + 𝑙2 + ⋯ . +𝑙𝐾 ,   

where   1 ≤ 𝑙𝑖 ≤ (𝐿 − 1)  𝑓𝑜𝑟  1 ≤ 𝑖 ≤ 𝐾. 
Given  the  above  definition  of  partition  of  an  integer,  

threshold  decomposition  of  a  digital  signal  in  a  window  of  

size  M  is  obtained  using  a  “distinguished partition”. 

We  first  explain  the  threshold  decomposition   of  a  digital  

signal  which  assumes  positive  values  only.  We  decompose 

u[n]  into  superposition  of  binary  signals  (  assuming  ‘0’  or  

‘1’  values  only ) in  the  following  manner 

𝑢[𝑛] =   ∑ 𝑢𝑗[𝑛]  , 𝑤ℎ𝑒𝑟𝑒  

𝐾

𝑗=1

 

                                    𝑢𝑗[n] = { 
+1   𝑖𝑓  𝑢[𝑛] ≥ 𝑗

0  𝑖𝑓  𝑢[𝑛] <  𝑗
. 

We  specifically  consider  the  threshold  decomposition of  

a  digital  signal  restricted  to  a  window  of  size  M.  It  can  

readily  reasoned  that  there  is  no  loss  of   generality  in  

assuming  K=M. Thus, the  binary  signals { 𝑢𝑗[𝑛]: 1 ≤ 𝑗 ≤ 𝑀}  

 𝑖𝑛  a  window  of  size  M  can  be  imbedded  in  an  M x M  

square  matrix, J. 

Note:  It  readily  follows  that   columns  of  J lead  to  the  

signal  values  at  the  corresponding  time instant. Furthermore,  

any  column  of  J  corresponds  to  the  partition  of  a  signal  

value  (  at  that  time  instant  )  whose  summands  are  all  ‘1’. 

Note:  Suppose,  we  consider  a  divisor  ‘d’  of  an  integer  ‘L’.  

Then,  we  have  that  L = s d = d+d+…+d  i.e.  a  partition of  

L,  whose  summands  are  all  ‘d’.  We  expect  the   weak  

superposition property  of  rank  order  filters  to  be  generalized  

to  such  a  partition  based decomposition of  signal  values. 

For  the  purposes  of  clarity,  we  now  explain  weak  

superposition  property ( discovered  by  Fitch  et al  ) satisfied  

by  rank  order  filters.  The   property  states  that  kth  order  

statistic  of  a  signal  u[n]  in  a  window  equals  the  weak  

superposition ( real   valued  addition ) of  the  corresponding 

order  statistic  of  ‘K’  binary  signals  ( obtained  by  threshold 

decomposition  of  the  digital  signal ).  Formally 

𝑃𝐾[ 𝑢[1], 𝑢[2], … , 𝑢[𝑀] } =  ∑ 𝑃𝑘

𝑀

𝑗=1

[  𝑢𝑗[1], 𝑢𝑗[2], … , 𝑢𝑗[𝑀] ].   

As  shown  in  [  ], kth  order  statistic  of  a  binary  signal  in  

the  window  i.e.  [  𝑢𝑗[1], 𝑢𝑗[2], … , 𝑢𝑗[𝑀] ] equals  the Positive  

Boolean  Symmetric  Function  of  order  K  in  those  binary  

variables.  It  readily  follows  that  such  Boolean  functions  

are  permutation  invariant  ( in  the  binary  variables ). Thus,  

the  condition  of  permutation invariance  of  filter  operations  

on  signal  samples  in  a  window  is  naturally  associated  with 

rank  order  filters.  

In  the  spirit  of  permutation  invariant  Boolean  functions,  

researchers were  motivated  to  study  “rotation  invariant”  

Boolean  functions.  An  interesting  problem  was  to count  the 

number  of  rotation  invariant  Boolean  functions  in  M  binary  

variables.  This  problem was  solved  using  the  Polya’s  

theorem  in  [7]. Formally,  we  have  the  following  definition: 

 

 Definition:  A  Boolean  function  of  M  binary  

variables  is  said to  be “rotation invariant”  if  

𝑓( 𝑥1, 𝑥2, … , 𝑥𝑀 )  is  equal  in  value  for  all  the 

cyclic  shifts  of  the  M  variables  ( for  example    

𝑓( 𝑥1, 𝑥2, … , 𝑥𝑀 ) = 𝑓( 𝑥𝑀 , 𝑥1, … , 𝑥𝑀−1 )  ). 

 

Using  the  above  definition  and  the  research  work of  Fitch  

et.a, we  propose  the  class  of  rotation  invariant  nonlinear  

digital  filters  possessing  the  weak  superposition  property. 

Let { 𝑥𝑖}𝑖=1
𝑀  be  binary  variables  i.e. { 0,1}  valued  variables.  

Let  the  thredhold  decomposition  of  input  signal 

𝑢[𝑛] 𝑖𝑛  𝑎  𝑤𝑖𝑛𝑑𝑜𝑤  𝑜𝑓  𝑠𝑖𝑧𝑒  𝑀  𝑏𝑒  𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑  𝑏𝑦  𝑡ℎ𝑒 𝑏𝑖𝑛𝑎𝑟𝑦 

signals  {  𝑢𝑗[𝑛] }   𝑓𝑜𝑟  1 ≤ 𝑗 ≤ 𝐾. 

𝑢[𝑛] =   ∑ 𝑢𝑗[𝑛]    𝑓𝑜𝑟  1 ≤ 𝑛 ≤ 𝑀.  

𝐾

𝑗=1

 

Let  𝑅[ 𝑢𝑗[1], 𝑢𝑗[2], … . , 𝑢𝑗[𝑚] }  be  a  “rotation  invariant”  

function  of  M  binary  variables i.e { 𝑢𝑗[1], 𝑢𝑗[2], … . , 𝑢𝑗[𝑚] }. 

Let  the  nonlinear  digital  filter  output be computed  by  weak  

superposition  of output  of  rotation  invariant  Boolean  filters  

{  operating  on  signals  in  a   window  of  size  M }  i.e. 

                            𝑦 = 𝑅 { 𝑢[𝑛] } 𝑖. 𝑒 

𝑦 = 𝑅 { 𝑢[1], 𝑢[2], … , 𝑢[𝑚] } 

                               = ∑ 𝑅[ 𝑢𝑗[1], 𝑢𝑗[2], … . , 𝑢𝑗[𝑚] }.𝐾
𝑗=1       

Note:  As  in  the  case  of  rank  order  filters, at  each  threshold, 

the  Boolean function ( necessarily  rotation  invariant )  can  be 

a  structured  one.  For  instance,  it  may be  constrained  to  be  

a  Postive  Boolean  function ( i.e.  the  class  of  Positive  

Boolean  Rotation  Invariant  functions. 

 

Note:  The  class  of  rotation  invariant  Boolean  functions at  

each  threshold  can  be  suitably  constrained  ( as  in  the  case  

of  rank  order  filters ). The  associated  nonlinear  digital  filters  

based  on  weak  superposition  of  the output of  Boolean  filters  

could  have  interesting  signal  processing  significance. 



 

IV. ROTATION  INVARIANT  QUADRATIC  

DIGITAL  FILTERS 

The  concept  of  quadratic  filters is  motivated  by  Finite  

Impulse  Response  filter (FIR)  operating  on  a  signal  in  a  

window  of  finite  length. More  specifically, the output 

𝑦[𝑛] 𝑜𝑓  𝑎𝑛  𝐹𝐼𝑅  𝑓𝑖𝑙𝑡𝑒𝑟  𝑤𝑖𝑡ℎ  𝑖𝑚𝑝𝑢𝑙𝑠𝑒 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒  { ℎ[𝑛] }𝑛=1
𝑀

( of  length  M ),  input  signal  { u[n] }  is  given  by   

            𝑦[𝑛]  = ∑ ℎ[𝑗] 𝑢[𝑛 − 𝑗].𝑀
𝑗=1                                                 

i.e.  output  is  a  “linear  form”  in  the  input  signal  sample  

values.  Naturally,  researchers  innovated   the  concept  of 

“Quadratic  Filters”.  The  output  of  such  a  filter is  a  

quadratic  form  based  on a  weight  matrix, B  and  the vector 

of  signal  sample  values  in  a  window.  Let  z  be  the output  

value, �̅�  𝑏𝑒  𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟  𝑜𝑓  𝑠𝑖𝑔𝑛𝑎𝑙  𝑠𝑎𝑚𝑝𝑙𝑒  𝑣𝑎𝑙𝑢𝑒𝑠.   
𝑇ℎ𝑒𝑛 , 𝑤𝑒  ℎ𝑎𝑣𝑒  𝑡ℎ𝑎𝑡            𝑧 =   �̅�𝑇 𝐵  �̅�    .    

Now,  we  consider  a  special  class  of  quadratic  filters. We  

have the following  definition. 

Definition:  A  quadratic  filter  is  said  to  be  “rotation  

invariant”  if  the  output  ‘z’  remans  the  same  under  

circular  shift  of  the  components  of  the vector,  �̅�.          

The  following  Lemma  provides a  characterization  of  

rotation  invariant  quadratic  filters  based  on  the  nature  of  

M x M  weight  matrix, B. 

Lemma:  A  quadratic  filter  with  the  associated  weight  

matrix  B  is  ROTATION  INVARIANT    if  and  only  if  B  

is  a  symmetric  Toeplitz  matrix. 

Proof: It  readily follows  that 

𝑧 =   �̅�𝑇 𝐵  �̅�    =∑ ∑ 𝑏𝑖𝑗𝑥𝑖𝑥𝑗
𝑀
𝑗=1

𝑀
𝑖=1  . 

Suppose  the  quadratic  filter  output  ‘z’  is  invariant  under  

cyclic  shifts  of  the  components  of  the  vector  �̅�.  Then, it  

necessarily  follows  that                                                               

𝑏𝑖𝑗 = 𝑏|𝑖−𝑗|  𝑓𝑜𝑟  𝑎𝑙𝑙  𝑖, 𝑗.   

Hence  B is   necessarily  a  Toeplitz  symmetric  matrix.  

Using  an  identical  reasoning, if  B  is  a  symmetric  Toeplitz  

matrix,  the  quadratic  filter  is  also  rotation  invariant  filter  

QED. 

Now,  we  reason  that  the  output  of  a rotation invariant  

quadratic  filter with  the  input  vector ‘x’  ( in  a  filter  

window signal  sample  values )  can be  expressed  as  a  

cascade  of  “correlation filter”  and  an FIR  filter.   

𝑧 =   ∑ ∑ 𝑏|𝑖−𝑗|𝑥𝑖𝑥𝑗
𝑁
𝑗=1

𝑀
𝑖=1  =  ∑ 𝑅(𝑘) 𝑏𝑘

𝑀−1
𝑙=0  ,   where   

R(k) is  the  autocorrelation  sequence  of  the  sequence  of  

components  of   the  vector �̅�. Thus,  the following  figure  

depicts  the  implementation  of  a   rotation  invariant  

quadratic  filter. 

 

Fig.1 Implementation of rotation invariant filter 

In  the  figure  above,  the correlation  filter  computes  the  

autocorrelation  of   the    signal  sample  values in  the  input    

vector  x̅. The  impulse  response  of  the  FIR  filter  is  based  

on  the  first  row  components  of  the  symmetric Toeplitz  

matrix  B. 

Example:  Now, we illustrate  the implementation  of  a  

rotation  invariant  quadratic  filter  with  an  example: 

 

�̅� =   [
3 1 4
1 3 1
4 1 3

],   

𝑎  𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑇𝑜𝑒𝑝𝑙𝑖𝑡𝑧  𝑓𝑖𝑙𝑡𝑒𝑟  𝑤𝑒𝑖𝑔ℎ𝑡 𝑚𝑎𝑡𝑟𝑖𝑥. 

�̅� = [ 𝑥1 𝑥2 𝑥3 ] . We  now  compute the  quadratic form  

associated  with  the  matrix  B  i.e. 

�̅�𝑇�̅��̅� =   3 (𝑥1
2 + 𝑥2

2 + 𝑥3
2) + 2 𝑥1𝑥2 + 8 𝑥1𝑥3 + 2 𝑥2𝑥3   

            = 3 R(0) + 2  R(1) + 8 R(2),  where  R(i)  is  the  

autocorrelation  value  at ‘lag’ ‘i’ . 

The  FIR  filter  coefficients  are   { 3, 2 (1),  2 (4) }  ( i.e.  

based  on  the  first  row  elements  of  B ).                        

VI. CONCLUSION: 

Rotation  invariant  nonlinear  digital  filters  which  satisfy  the  

weak  superposition  property  are  proposed.  Also,  quadratic  

filters   based  on  rotation  invariance  property  are  

investigated. 

 

REFERENCES 

[1].J.P.Fitch, E.J.Coyle  and  N. Gallagher,”Threshold  

Decomposition  of  multi-dimensional  rank  order  operations,” 

IEEE  Transactions  on  Circuits  and  Systems, May 1985 



 

[2]  G. Rama  Murthy  and  Moncef  Gabbouj,”Algebraic 

Structure  of  Classes  of  Nonlinear  Filters,”  Proceedings  of   

International Conference  on  Systemics, Cybernetics  and  

Informatics (ICSCI),, Vol.1, no.1, pp.1-5, 2017   

[3] Canteaut, Anne  and  Marion  Videau,”Symmetric  Boolean 

Functions,”  IEEE  Transactions  on  Information  Theory, Vol. 

51, No. 8, pp. 2791-2811, 2005 

[4]  J.H.Lin, E.J.Coyle,”Generalized  Stack  Filters  and  

minmum  mean  absolute  error  estimation,” IEEE  

International  Symposium  on  Circuits  and  Systems, Espoo, 

Finland  1988, pp. 2799-2802, vol. 3 

[5] J. Fitch, E.J.Coyle  and  N. Gallagher,”Median  Filtering by  

Threhsold Decomposition,” IEEE  Transactions on Acoustics, 

Speech  and  Signal  Processing, Vol.32, No.6, pp.1183-1188, 

December 1984 

[6] G.L.Sicuranza,”Quadratic  Filters  for  Signal  Processing,” 

Proceedings  of  IEEE, vol.80,pp. 1263-1285, August  1992 

[7] K.V.Lakshmy, M.Sethumadhavan  and  Thomas 

W.Cusick,”Counting  Rotation  Invariant  Symmetric Functions  

using  Polya’s  Theorem,” Discrete  Applied  Mathematics, Vol. 

169, pp.162-167, May 2014 

[8]  A. Mahalanobis, R. Muise  and  S.R. Stanfill,”Quadratic  

Correlation  Filter Design Methodology  for  Target  Detection 

& Surveillance  Applications,”  Applied  Optics 43(27), 

pp.5198-5205, 2004 

                  

 


