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ABSTRACT

In this research paper, we consider matrix quadratic equations in which the coefficient
matrices as well as unknown matrix are 2 x 2 matrices. It is shown that linear algebraic
techniques enable complete characterization of matrix solutions of such equations.
Specifically such matrix equations arising in queueing theory are explicitly studied.

1.

INTRODUCTION:

The development of algebraic symbolism was, in part, motivated
by the concepts: zero, negative numbers. Solutions of linear algebraic equations in
one variable with coefficients being rational numbers lead to the concept of rational
numbers. As a natural generalization, solving quadratic equations was attempted by
mathematicians across the planet. Indian mathematicians solved quadratic equations
using the “completion of square” technique. Efforts to solve higher degree polynomial
equations led to the research area of “group theory”.

Mathematicians such as Gauss attempted solving a system of linear equations in
multiple variables leading to the research area of “linear algebra”. Using the method
of elimination, Gauss successfully solved system of linear equations ( so called
“Gaussian Elimination” ). As a natural generalization, polynomial equations with
matrix coefficients and single matrix unknown are attempted for solution.
Mathematicians proved interesting theorems related to the solution of matrix
polynomial equations.

Bezout proved an interesting theorem related to multi-variate polynomial equations
of finite degree. This theorem was a central contribution to the research area of
“algebraic geometry”. It was realized by the authors that matrix polynomial equation
in a single matrix unknown represents a structured system of multi-variate polynomial
equations. Thus, determination of their solutions is a contribution to algebraic
geometry. In [RaA], the authors showed that solution of a matrix quadratic equation,
with unknown matrix as well as coefficient matrices being 2 x 2 matrices, can be
determined by a formula involving coefficient matrices under some conditions.
Spcifically, such a structured matrix quadratic equation arising in queueing theory
was considered and one of its matrix zeroes was determined by a formula involving
coefficient matrices and its eigenvalues. Such a result motivated us to study arbitrary



matrix quadratic equations in which the unknown matrix as well as coefficient
matrices are 2 x 2 matrices. The results of such an effort are documented in this
research paper.

MATRIX QUADRATIC EQUATIONS: 2 X 2 COEFFICIENT MATRICES:
SOLUTIONS:

Consider an arbitrary matrix quadratic equation in which the unknown matrix, X as well
as the coefficient matrices { By, B;, B, } are 2 x 2 matrices i.e.

X?B, +XB; +By =0 ooee v v (D).
Let the unknown matrix, X and B,, B;, By be given by
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The above matrix quadratic equation corresponds to the following system of 4-variate
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equations.
(x2 + xyx3) bﬁ) + (12 + X3%4) bgzl) + (x1) bﬂ) + (x3) bgi) + bg) =0
(x2 + xyx3) b12 + (x5 + x3%,) b(z) + (x71) b(l) + (x3) b(l) + b(o)
(x3%1 + x4%3) bﬁ) + (x3x, +x2) b(z) + (x3) b(l) + (x4) b(l) + b(o)
(x3x1 + x4%3) bg) + (x3x, +x2) b(z) + (x3) b(l) + (x4) bg) + b(o) 0.
Thus, the problem of finding unknown matrix falls in the research area of
algebraic geometry. But mathematicians capitalized the fact that the system of equations
are structured and proved interesting results. Specifically, linear algebraic tools are
utilized to determine the unknown matrix solutions of equation (1). We now summarize
the well known results [Gan].
The following lemma enables determination of all possible
eigenvalues of unknown matrix solutions of equation (1). We denote the following result
s “Factorization Lemma”. Such lemma applies to matrix quadratic equations, where the
square unknown matrix as well as coefficient matrices are of arbitrary dimension.
Lemma 1: (u?B, + uB; + By) = (ul —X)(u B, + XB, + B, ) . Thus, we have that
f(u) = Det (u?B, + uB; + By) = Det (ul — X ) Det (1 B, + XB, + B; ).

Thus, all possible eigenvalues of unknown matrix solutions are a subset of zeroes of the



determinental polynomial f(u) = Det (u?B, + uB; + B) .

Proof: The result follows by showing that RHS and LHS agree. Details are avoided for
brevity.

Note: f(u) is a polynomial of degree 2N ( where { X,B;s} are Nx N square matrices ).

If the coeficients matrices i.e. B;s are upper/lower triangular matrices, the eigenvalues of
all solutions can be determined by solving scalar quadratic equations. Once the eigenvalues
are known, the following theorem enables determination of unknown matrix X ( with those

eigenvalues ) as a solution of homogeneous linear systems of equations.

Theorem 1: Consider an arbitrary matrix quadratic equation of the form in equation (1).

Let the dimension of X be N. Then all possible solutions of (1) are divided into atmost
(ZI\IIV) equivalence classes ( equivalence classes are specified based on same set of

Eigenvalues ) and solution in each class is determined as the solution of a linear system of
equations.
Proof: Refer [Gan].

e The above results are applicable to unknown matrix (as well as coefficient matrices)
of arbitrary dimension ‘N’.

e Now we consider the case where N =2. In this case f(u)isa polynomial in 'y’ of
degree ‘4’. Hence, its zeroes can be explicitly determined by algebraic formulae in
its coefficients. Thus, all possible eigenvalues of unknown matrix solutions can be
determined by algebraic formulae.

e Now, we reason that in this case (N =2 ), the unknown matrix can be expresses by
an algebraic formula involving coefficient matrices and its eigenvalues. Details are
provided below.

Let { @, B} be the eigenvalues of 2 x2 unknown matrix X, and let its characteristic
polynomial g(u ) be given by

gw)= (p—a)(p—=B)= W —u(a+pB)+ af = p?+ by u + by, where
by = Det(X) and b, = —Trace(X).

By Cayley-Hamilton theorem, we have that
gX)= X2+ by X + byI=0.

Hence,



X?2= —b; X— byl

Thus, substituting in the matrix quadratic equation and simplifying, we have that
X (By—byBy)+(By—byB;) =0.
Hence,if (B, —byB,) is non — singular, then
X = —(Bo—boB;)(B; —b;B)™".
But,if (B; —byB,) is singular, then there are infinitely many
solutions of the matrix quadratic equation (1) with { a, 8 } as the eigenvalues.
Now, we identify conditions under which ( B; — b;B;) is singular. It can be readily
seen that
Det( (B; — b;B,) = b? Det(B,) + b,6 + Det(B; ), where '0'is expressed
In terms of elements of { By, B, }. Thus, there are atmose 2’ values of Trace(X) for

which ( By — by B,) is singular. These values of Trace(X) can be real values or complex

numbers.

4) = 6 pairs of zeroes of g(u).

We know that there are exactly (2

Hence, we readily infer that the number of UNIQUE solutions of (1) can be
determined by the following equation:
Number of Unique Solutions of (1) = Maximum { Number of Distinct Trace Values — 2,0 }.
Note: There are 6 possible trace values and some of them could be equal.
Note: Given a pair of zeroes of g(u) that are potential eigenvalues of a solution X ( of (1)),
either a unique X, exists or infinitely many solutions exist ( with those pair of eigenvalues).

Note: Suppose { By, B, B, } are matrices with real valued components. Then, it readily follows
that the zeroes of g(u) occur in complex conjugate pairs.

e From, the above discussion, when B;s are all 2 x 2 matrices, using the Cayley-Hamilton
Theorem, we infer that Xj's for j =2 ( with a fixed pair of eigenvalues of X) can be
expressed in terms of matrices {X,]} using scalar coefficients determined by the
coefficients of characteristic polynomial of X. For instance, we readily have that

X3 =(b?—Db)X+bby1.
Now letting, biz) = by, béz) = b, and bfg) = (b? —b,) ,bgB) = b,b, ,we have that
the following recursive equation holds:
(3) () ()

_bt3>] - [_btm 1] [_btm] = (o

—b, —b, 0f|—b,

This recursion was first observed in [RaA2]. By letting,

_ b£2)

_ bgz)

], where C(z) is a companion matrix .




x*= b x - bV

b(4) (2)
(4) ( (2)) (2)
In general, XM can be expressed, in terms of {X,I}Wlth two suitable coefficients.

The two coefficients are obtained using the following recursion ( generalization of above
result ):

b(M) M—2 _b§2)
b(M) ( (2)) _p®@Y
2
Thus, coefficients of higher powers of X can be expressed in terms of a 2x 2 companion
matrix and the coefficients of characteristic polynomial of X.

It can be readily shown that

Note: This result can easily be generalized to higher degree matrix polynomial equations
and even matrix power series equations using the Cayley-Hamilton Theorem.

e We now now consider a solution X of (1) and arrive at another related matrix, H
which satisfies a dual matrix quadratic equation of the following form:

ByH?> +BiH + By =0 ooeee v e (2).
Suppose B, is non — singular.
Let us define the matrix H as H = —B;1(X B, + B;). It readily follows that

H? =B;Y(X B, + B;) B;Y(X B, + By)

H?= B;Y(X +B; B;)(X B, + B;)
B,H? = (X +B; B;Y)(XBy,+B;)= X?B,+XB; +B; B;'(XB, + By)
Using the fact that X is a solution of (1), we have
B,H? = —B, — B, H.
Hence, it readily follows that H satisfies the following matrix equation
B,H?+BH +B,=0.
Thus, the solutions X, H satisfy dual matrix quadratic equations. It readily
follows that given solution H, we can obtain X in the following manner:
X = —(B,H+B;)B;L.

Note: In queueing theory such a matrix, H naturally arises.
We briefly discuss this issue in section 3.

MATRIX QUADRATIC EQUATIONS: QUEUEING THEORY:

Structured matrix polynomial equations naturally arise in the equilibrium analysis
of a class of Markov chains (in discrete time as well as continuous time) called
G/M/1-type Markov processes as well as M/G/1-type Markov processes. Among



them, in the equilibrium analysis of Quasi-Birth-and-Death (QBD) processes,
structured matrix quadratic equations of the following form naturally arise:
R?4, +RA; + Ay =0...... (3),  where
R is called the 'rate matrix' and constitutes the minimal non — negative
solution of the above structured matrix quadratic equation ('minimal’in the sense
that the sum of all elements of the matrix is minimum ).{ Ay, A, } are non-
negative matrices and the matrix A; is diagonally dominant with negative diagonal
elements and non-negative off-diagonal elements. Further
A=Ay+ A, + A, is a generator matrix i.e.digonal elements of 'A’ are
negative and of f — diagonal elements are non — negative and all the
rowsums (i.e.sum of all rowwise elements ) are zero.

Thus, it readily follows that factorization lemma and Theorem 1 readily apply

to the solutions of above structured matrix quadratic equation (i.e. equation (3) .

In fact, all the results discussed in Section 2, naturally apply. In [Ramal, RaKC],
computation of Jordan Canonical form of rate matrix, R is discussed in complete
detail. We now study issues related to all other matrix solutions of (3). In that

effort, the following lemma related to the zeroes of g(u) = Det (u?A4, + uA; + Ap)

readily follows.

Lemma 2:
All the zeroes of g(u) (i.e.eigenvalues of all possible solutions of equation (3) )

are distinct. Hence all matrix solutions of (3) are diagonalizable.

Proof: It is well known [Neu] that the spectral radius of rate matrix ‘R’ is strictly less
than one. Since ‘R’ is an irreducible non-negative matrix, by Perron-Frobenius Theorem,
the spectral radius is real, positive, simple and the corresponding left/ right eigenvector has
strictly positive components.

Since, ‘R’ has real valued components, the trace (R) is a real number. Hence, the
other eigenvalue of R is real and strictly less than spectral radius 7. Let us label, the smaller
eigenvalue or ‘R’ as ‘a’.

By factorization lemma, we have that
(uPAy +pA; +Ag) = (ul —R)(uA; + RA; + Ay).

Hence



(A, +A; +Ay)é = 0 (where € is a column vector all of whose components are ‘1’),
since A= (A, +A; +A4,) is a generator matrix. Hence ‘1’ is a zero of g(u),a 4" degree
polynomial. The following lemma deals with the remaining zero Q.E.D.

Now, we reason in the following lemma that the other remaining zero of g(u) is
strictly larger than one. Let such zero be denoted by '6’.

Lemma 3: There are two distinct zeroes of g(u) that are on or outside unit circle

Proof: In the above lemma, we reasoned that ‘1’ is a zero of g(u). Using factorization lemma
with u =1, we have that

A= (A2+A1+A0)E(I—R)(A2+RA2+A1).

Since ‘A’ is a generator matrix, we have that (A, + A; + Ay) € = 0 . Using the fact that the
spectral radius of irreducible rate matrix, R is strictly less than one, we have that

(A, +RA,+A)é =0 = RA, e+ (A, +4A))e.

Hence, it follows that
RA2 e_ = Aoe_.

Since, A is diagonally dominant and (A;)ée = —(A4p+ A4,)é , (RA,+ Ay) is strictly
diagonally dominant since A, & > 0. Hence (R A, + A;) is non-singular. Further

(RA,+A4)) 1 (A, +RA,+A,)e=0.
Thus, we have that
_(RA2+A1)_1 Az? = e_

Also, since (R A, + A;) is strictly diagonally dominant ( with negative diagonal elements and non-
negative off-diagonal elements), —(R A, + A;) ™! is a non-negative matrix. Hence
—(RA,+A;) "t A, is a stochastic matrix with spectral radius ONE. Hence, if u is an
eigenvalue with the corresponding right eigenvector f , we have that

—(RA,+A) YA, f = uf with |u| <1
Thus, (u(RA,+A) + Ay) f =0 for every eigenvalue p. Let i= 6.

Hence, it readily follows that
((RA, +A)D+ 04,)f =0.

Hence all the zeroes of g(u), other than those of rate matrix R are all on or outside the
unit circle. There is exactly one zero lying at ‘1’ Q.E.D.

Note: The above proof is more general and applies to the case where the dimension of
coefficient matrices (i.e Ay, Aq,4,) is an arbitrary integer value N ( notjust N=2).



Note: From the above proof, it is clear that the eigenvalues of the stochastic matrix

—(RA, +A;)) Y4, are ‘1’,‘u==, where § is a real number strictly larger than 1.

SR

Uniqueness of Solutions of Rate Matrix based Matrix Quadratic Equation:

e From the above discussion, it is clear that all the four zeroes of
g(uw) are real and distinct. Specificallya <1t <1 < 4.

e Hence, all 6 possible trace values are
{fa+t,a+lL,a+6,7+1,7+6,1+6}.

In view of the above discussion on the values of four zeroes of g(w),
the following inequalities hold true

a+T< at+l< at+d<t+o< 1+456.

Thus, there are 5 distinct values of trace of potential matrix solutions. Hence

based on earlier reasoning ( equation ( ) ), there are atleast 3 UNIQUE matrix
solutions of the structured matrix quadratic equation arising in the equilibrium
analysis of Quasi-Birth-and-Death process.

Using an alternative reasoning, we prove that for the trace value of (a + 1), the
associated matrix solution is UNIQUE i.e. we essentially reason that (4; + (1 + a)A,)is
non-singular

Lemma 4: (A; + (1 + a)A,) is strictly diagonally dominant and hence is non-singular
Proof: A; + (1 + a)A, = A; + A, + aA,. Also, we readily know that
(A, +A; +Ay))é = 0 (where € is a column vector all of whose components are ‘1").
Hence, it is sufficient to show that ald, e < Age, where the inequality
holds for all the components of the vectors. From Lemma (), itis clear that
RA,é=Aye with R= a E; + T E,, where E,,E, are residue matrices such that
E; + E; =l i.e.identity matrix (all components of E, are positive by Perron's Theorem ).
Thus, R > a E{+ a E, (componentwise inequality ). Equivalently R > a I.
Since A, is a non —negative matrix, we have that a Aye > Aye .
Since A; is a diagonally dominant matrix with negative diagonal elements and non-negative

off-digonal elements, from the above discussion, it readily follows that (A; + (1 + a)A,) is
strictly diagonally dominant and hence is non-singular Q.E.D.



Corollary: Suppose A, = A,. Using the same reasoning, it follows that (A4; + (1 + 1)4;)
is strictly diagonally dominant and hence is non-singular.

Lemma 5: Let the zeroes of determinental polynomial g(u) = Det (u?4, + ud; + Ay)
be {a,1,1,6 }witha<t<1<6 and 7> 0. Then

Det(Ay)

(a)(7)(8) = Det (Ay)

Thus, the sign/polarity of { @, } are suitably constrained.

Proof: From Lemma 3, we have that —(R 4, + 4;) ! A, = Pis a stochastic matrix with

eigenvalues being {1, %}. Hence, we have that ( Considering 2 x 2 matrix case )

_ Det(A) 1
DetP) = porra, +a) - WV (5)'

Since, the rate matrix satisfies the matrix quadratic equation, we have that
R (R AZ + Al) = _Ao.
Since, we consider the case of 2 x 2 matrices, we have that

Det(Ap)

Det(R A A) = ——.
et(R Ay + 4y) Det(R)
But, Det(R) = (a)(1). Using the above equations, we have that

_ Det(RA,+4;) _Det(Ay) 1 Det(4) 1
B Det( 4,) " Det(R) ‘Det(A,) Det(4,) (a)(@)

Hence, we readily infer that

Det(A,)

(@)(®)(8) = Det(A,) "

From the above equation, the following inferences readily follow:

Case I: If both Det(A4,), Det(A,) are of the same sign, then {a,§ }are both of the same
sign. Hence, if { @, 8 } are both positive, then all the solutions of 2 x 2 matrix based quadratic
equation are all positive definite.

Casell: : If both Det(A4,), Det(A,) are of the opposite sign, then {a,§ }are of the opposite
sign. Q.E.D.

FUTURE RESEARCH WORK:



In future versions of this preprint, we propose to document our
results related to the following topics.

4. RELATED MATRIX QUADRATIC EQUATIONS: SOLUTIONS:

We now consider the “dual” of matrix quadratic equation discussed in Section 2.
ie. B,Y? + B,Y + B, = 0.

In the case of such matrix quadratic equation, the "factorization lemma" takes
the following form:

Lemma 6: The eigenvalues of all solutions of ( ) are zeroes of the determinental
polynomial
f(u) = Det (u*By + uB; + By).
Proof: The following identity readily follows:
HZBZ +‘LlBl +BO = (‘Lle +YBZ +Bl)(,ul—Y)
Taking the determinent on both the sides,we have that
Det(u?By, + uB; + By) = Det(u B, + YB, + By ) Det(ul —Y).
Hence the claim readily follows. Q.E.D.

5. ALGEBRAIC RICCATI EQUATIONS: MATRIX QUADRATIC EQUATIONS:
Quadratic matrix
equations of the form
XCX—AX—-XD+B=0
are called Nonsymmetric Algebraic Riccati Equations ( NARE) ( in which X is an
m x n unknown matrix and the coefficient matrices A, B, C, D have dimensions
mxm, mxn,nxm and nx n respectively ). For the purposes of simplicity, we assume
that m= n [BBMP].
Also, continuous time algebraic Riccati equation is of the form:
XCX —AX —XAT + B=0, where B and C are symmetric matrices.

We now consider NARE with (m=n) and A=-D. Thus, we have that

XCX — (AX +XD)+B =XCX+B=0.
Multiplying on both sides of the above equation by matrix 'C’, we have that
XCXC + BC = (XC)?>+BC =0.

Thus, XC = Matrix Sqare Root of (—BC).
If B C is negative definite matrix and C is non — singular, we have that
X = [ Matrix Square Root of (=B C)] C™.
In general, there will be multiple solutions for the matrix square root of the matrix
(-BC) if it is not a positive definite matrix.

Note: The above idea of utilizing matrix square root arose in a discussion with
Prof.Dario Bini. The following discussion is a generalization.



Suppose in NARE,A =D = 1. Then we have that
XCX—-2X+B=0.

Letting X C =Y, we have that
Y2-2Y+BC =0.
Such a matrix quadratic equation can be readily solved using the
well known techniques developed for arbitrary matrix quadratic equations [Gan].

6. GENERALIZATION TO MATRIX POLYNOMIAL EQUATIONS:
We reason that most of the results in earlier sections readily
generalize for more general matrix polynomial equations. In the following, one
such result in Section 2 is generalized.

In Section 2, using Cayley-Hamiton Theorem, it was shown ( when the

unknown matrix X and coefficient matrices i.e.Bjs are 2x 2 matrices) that
higher powers of X i.e. X™ for m > 3 can be expressed in terms of linear combination
of {I,X}. The coefficients in the linear combination are determined using a 2 x 2
companion matrix ( whose elements are the coefficients of characteristic polynomial of X
) and the coefficients of characteristic polynomial of X. This result naturally generalizes
for higher degree matrix polynomial equation.

Let us consider an Mt" degree matrix polynomial equation in which the unknown

matrix, as well as coef ficient matrices are N x N matrices. Let the coefficients of
characeristic polynomial of X be denoted by b((,%,)) and Cyy be the companion

matrix whose elements are determined by the characteristic polynomial of X.
By Cayley-Hamilton Theorem, it is clear that higher powers of X i.e {Xf:j > N}

Can be expressed in terms of linear combination of matrices {I,X,X?,....,X""1}. Thus,
let the coefficients in the linear combination be the elements of a vector denoted by

b((zl)):i.e. coefficients in linear combination leading to X™ (in termsof {I,X,..,X""1})

As in Section 2, it can easily be shown that

b(ny = C(’?V)_N b((i,)) for m =N with Cyy being N x N companion matrix.

7. CONCLUSIONS:

In this research paper, we provide interesting results related to
solving matrix quadratic equations in which the coefficient matrices as well as
unknown matrix are 2 x 2 matrices. We readily realize that the results can easily
be generalized to such matrix polynomial equations of arbitrary degree.
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