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Abstract

We illustrate here a systems-based computational analysis technique intended for uncov-
ering dynamic properties of gene regulatory networks described in discrete Boolean terms.
This through the use of the algebraic Semi-Tensor Product (STP), and with the purpose
of exploring the regulatory consequences of genetic mutations in the modification of cell
phenotypes. The proposed technique derives from the state-based reachability analysis of
dynamic systems via the design of open-loop perturbative control schemes. We choose
as a case-of-study the discrete Boolean network that describes in qualitative formal terms
the transcriptional gene regulatory network that underlies the Epithelial-to-Mesenchymal
transition in the context of epithelial cancer. We are particularly interested in qualitatively
understanding the systems level consequences of mutations in specific genes that regulate
the phenotypic transition. More specifically, we are interested in bringing to light potential
preventive therapeutic interventions that promote the Mesenchymal-to-Epithelial transition.

1 Introduction
The increasing availability of experimental data from the exploration of cancer diseases forces
the use of computational analysis techniques. This is not only with the purpose of satisfying
the natural scientific curiosity, but above all with the priority purpose of providing information,
in a fast, efficient and reliable manner, designed to promote the development of preventive
therapeutic methods in the clinical setting. This is one of the major concerns of medical systems
biology [1]. In this context, following a bottom-up approach, one of the mathematical modeling
tools that has been remarkably successful is the one that uses discrete Boolean networks both to
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describe in qualitative systems-based terms gene regulatory processes, and to uncover the basic
generic principles that govern them [3, 14]. This has been particularly important in the case
of cancer [12]. Indeed, the fundamental role played by Epithelial-to-Mesenchymal Transition
(EMT) in the on set and progression of epithelial cancer has been made clear [6], and the gene
regulatory network that underlies the cellular dynamics of EMT has been characterized. This is
thanks to the use of systems-based mathematical modeling techniques based on experimental
data [7]. In methodological terms, the construction of the discrete Boolean model of a given
gene regulatory network asks for the integration of experimental data about the regulatory
interactions of the involved biomolecular agents, described in terms of logic rules. Seen in
the terms of the state-space theory, any gene regulatory network is in fact a dynamic system
whose state vector, i.e. the vector descriptive variable, is defined by the set of genes that
constitute it. At each instant, the state vector reports the activity status of each one of the
genes. In discrete Boolean terms, this state of activity is represented in a binary way: if the
gene is expressed in the cell of interest, its state of activity is represented by the number 1
and by 0 otherwise (i.e. the ”true” and the “false” logic values). From a very general point
of view, the system can stay in the same state it is in or change to a different state. When a
system reaches a state that does not change in time, this state is known as an attractor state,
and the regulatory logic of the system will cause it to stay there. Some systems known as
multistable systems can have several attractor states. This means that the way their elements are
related allows them to exist in different combinations that make the state of the system remain
unchanged (we are not concerned here by cyclic attractors). As pointed out in [7], the core
gene regulatory network that underlies EMT is in fact a multi-stable dynamical system whose
state vector has 9 elements, and it has only tree fixed point attractors. These configurations
characterize the phenotypes of the cells that are involved in the transition process: epithelial cells,
senescent epithelial cells, and stem-like mesenchymal cells (with a tumorigenic potential). Adding
stochasticity to this Boolean description, in order to take into consideration the stochastic
nature of transcriptional regulation, and following the methodology exposed in [5], it has been
established in [7] the temporal sequence and global order of cell-fate attainment pattern under
the stochastic Boolean gene regulatory network model during epithelial carcinogenesis. The
most probable temporal order of attractor attainment for a population of cells that initially
show and epithelial phenotype correspond to the expected transition from an epithelial to
a senescent to a mesenchymal stem-like phenotype. In this article we shall remain within a
deterministic theoretical framework, keeping in mind that the dynamics of transcriptional gene
regulatory processes is essentially stochastic.

Taking as a point of departure what is exposed in [7], and in order to explore the role of
mutations in the Epithelial-to-Mesenchymal transition, we apply here a reachability analysis
to the underlying core gene regulatory network. Our methodology is depicted in schematic
terms in Figure 1) and is based on the transformation of the corresponding qualitative discrete
Boolean description to an equivalente algebraic dynamic system via the so-called Semi-Tensor
Product (STP) approach [3], as exposed in [2]. Then, the algebraic transformation allow us
to find (when possible) perturbative control laws that promote transitions from initial given
attractors to different final attractors. These control laws are then biologically interpreted in
terms of gene gain or loss of function mutations. It is important for us to mention that we are not
affirming here that the control strategy that we use can be implemented experimentally. This
only shows us in qualitative terms the feasibility of inducing desired phenotypic transitions.
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Figure 1: Methodological framework. From biological data we characterize the logical rules
that underly gene regulatory processes. The resulting networks are then described by means of
Boolean networks, which are later transformed to discrete linear dynamical systems by means
of the Semi-Tensor Product. It is then necessary to carry out the computational analysis of
reachability. This in order to elucidate the role played by specific genes in the dynamics of
the network. Control laws are then designed to explore the dynamics of possible transitions
between the stable state configurations. Finally, relevant biological information is extracted.

2 Methods
Lets us first recall here in sketchy way the algebraic tools that we use to uncover the systems
level consequences of mutations (loss or gain of function) in specific genes that regulate EMT
in the context of epithelial cancer. We shall first recall how a synchronous Boolean network
can be described as a linear discrete-time dynamic systems. Then, we shall show how attractor
transitions can be attained via the design of control laws based on a reachability analysis.

2.1 A synchronous Boolean network (BN) as a linear discrete-time dynamic
system

A synchronous Boolean network (BN) is a discrete-time dynamic system of 𝑛 Boolean variables
(in the case of a transcriptional gene regulatory network the integer 𝑛 corresponds to the
number of genes in the network). Its activity state (or state of expression) is given by a vector
of Boolean variables [𝑥1(𝑡) 𝑥2(𝑡) . . . 𝑥𝑛(𝑡)]𝑇 , and changes, in discrete fixed-steps as 𝑥𝑖(𝑡 +
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1) = 𝑓𝑖(𝑥1 , 𝑥2 , . . . , 𝑥𝑛), where 𝑓𝑖 : 𝒟𝑛 → 𝒟 is the regulatory Boolean function related to
the node 𝑥𝑖 (a logical variable), which is built in agreement to the combinatorial action of
its regulators; 𝒟 stands for the set of logical values [1, 0] (1 corresponds to “true” and 0 to
“false”). In experimentally grounded Boolean gene regulatory network models, a particular
case of Boolean networks, the set of 𝑓𝑖 , 𝑖 = 1, 2, . . . , 𝑛, expresses the relationship between
the genes that share regulatory interactions, involved in the process of interest and derived
from experimental data. These functions consists of logical rules. The state vector of the
network has 2𝑛 different configurations. The Semi-Tensor Product approach (STP), which is
based on the matrix expression of logic, is used to rewrite the set of Boolean functions into
algebraic operators [3]. The Boolean network is thus converted into a conventional discrete-
time linear system 𝑥(𝑡 + 1) = 𝐿𝑥(𝑡), where: 𝑥(𝑡) = ⋉𝑛

𝑖=1𝑥𝑖(𝑡) := 𝑥1 (𝑡) ⋉ 𝑥2 (𝑡) ⋉ · · · ⋉ 𝑥𝑛 (𝑡) is
the STP of the Boolean variables (⋉ denotes the left-semi tensor product1). 𝑥𝑖 ∈ Δ2 represents
the vector form of the 𝑖-th state (Δ𝑘 :=

{
𝛿1
𝑘
, 𝛿2

𝑘
, . . . , 𝛿𝑘

𝑘

}
, with 𝛿𝑖2 denoting the 𝑖-column of the

identity matrix 𝐼2); 𝐿 := 𝑀1
∏𝑛

𝑗=2
[ (
𝐼2𝑛 ⊗ 𝑀 𝑗

)
Φ𝑛

]
is called the network transition matrix of the

BN (see the details in [3]), with 𝑀𝑖 , 𝑖 = 1, . . . , 𝑛, standing for the structure matrix such that
𝑥𝑖 (𝑡 + 1) = 𝑀𝑖𝑥 (𝑡) and Φ𝑛 :=

∏𝑛
𝑖=1 𝐼2𝑖−1 ⊗

[(
𝐼2 ⊗𝑊[2,2𝑗−𝑖]

)
𝑀𝑟

]
is the group power-reducing

matrix, 𝑊[2,2𝑗−𝑖] =
[
𝐼2𝑗−𝑖 ⊗ 𝛿1

2 , . . . , 𝐼2𝑗−𝑖 ⊗ 𝛿2
2
]

is a swap matrix, and 𝑀𝑟 is the power-reducing
matrix.

2.2 The Boolean control network
In order to modify the dynamics of the BN, a set of Boolean inputs 𝑢𝑗(𝑡) are connected
in some specific nodes. Thus, we have the Boolean control network given by 𝑥𝑖(𝑡 + 1) =

𝑓𝑖 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 , 𝑢1 , 𝑢2 , . . . , 𝑢𝑚), where 𝑢1 , 𝑢2 , . . . , 𝑢𝑚 , are (logical) control inputs. We apply
the STP to convert this network into a bilinear system. So:

𝑥(𝑡 + 1) = �̄�𝑢(𝑡)𝑥(𝑡), (1)

with 𝑢 (𝑡) := ⋉𝑚
𝑖=1𝑢𝑖 . Taking into consideration the case where the control is a free Boolean

sequence, the Boolean control network is said to be controlled from 𝑥0 to 𝑥𝑑 at the 𝑠-th step if
we can find a control sequence 𝑢 (𝑡), 𝑡 = 0, 1, . . . , 𝑠 − 1, such that the initial state ⋉𝑛

𝑖=1𝑥𝑖 (0) = 𝑥0
can be driven to the destination state ⋉𝑛

𝑖=1𝑥𝑖 (𝑠) = 𝑥𝑑. This control law exists if and only
if 𝑥𝑑 ∈ Col

{
�̃�𝑠𝑥0

}
, where Col

{
�̃�𝑠𝑥0

}
stands for the set of columns of �̃�𝑠𝑥0, and �̃�𝑠 results

from �̃� = �̄�𝑊[2𝑛 ,2𝑚 ] (which allows the Boolean control network to be expressed as 𝑥 (𝑡 + 1) =
�̃�𝑥 (𝑡) 𝑢 (𝑡)) and the repetition that yields 𝑥 (𝑠) = �̃�𝑠𝑥 (0) 𝑢 (0) 𝑢 (1) · · · 𝑢 (𝑠 − 1). Moreover, if 𝑥𝑑
is equal to the 𝑘-th column of �̃�𝑠𝑥0, then the controls should be 𝑢 (0) 𝑢 (1) · · · 𝑢 (𝑠 − 1) = 𝛿𝑘2𝑚𝑠 .

2.3 Attaining attractor transitions
In order to find the specific control law that drive the system from a given initial state to a given
final state, we use the so-called controlability matrix of the system. Once the Boolean control
network is given in its algebraic form (1), the controllability matrix is computed by:

𝒞 =

2𝑚+𝑛∑
𝑠=1

2𝑚∑
𝑖=1

Blk𝑖

(
�̄�(𝑠)

)
∈ ℬ2𝑛×2𝑛 , (2)

1If 𝑇 is a 𝑛𝑝-dimensional row vector and 𝑋 is a 𝑝-dimensional column vector, we split 𝑇 into 𝑝 equal blocks, say
𝑇1, . . . , 𝑇𝑝 , which are 1 × 𝑛 matrices, then the left semi-tensor product of 𝑇 and 𝑋 is defined as 𝑇 ⋉ 𝑋 :=

∑𝑝

𝑖=1 𝑇
𝑖𝑥𝑖 .
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where �̄�(𝑠) means we use the Boolean algebra in the product of matrices. Blk𝑖

(
�̄�(𝑠)

)
and ℬ2𝑛×2𝑛

stand for the 𝑖-th 𝑛 × 𝑛 block of matrix �̄�(𝑠) and the set of 2𝑛 × 2𝑛 Boolean matrices, respectively.
The entries of 𝒞, i.e. 𝑐𝑖 𝑗 , indicate whether the 𝑖-state is reachable from the 𝑗-state, under a set
of admissible Boolean inputs. Then (Theorem 20 in [4] and Corollary 16.3 in [3]): (i) 𝑥𝑑 = 𝛿𝑖2𝑛

is reachable from 𝑥0 = 𝛿
𝑗

2𝑛 if and only if 𝑐𝑖 𝑗 > 0; (ii) the system is controllable at 𝑥0 = 𝛿
𝑗

2𝑛 if and
only if Col𝑗(𝒞) > 0; (iii) the system is controllable if and only if 𝒞 > 0. Since we are interested
in transitions between attractors due to the manipulation of specific genes, we choose one of
the attractors as the initial state and we determine which of the other attractors we can reach
by applying a control sequence acting on a specific gene (the addition of the control input to
the chosen gene can be done by considering it as a regulatory interaction between the gene
and a control node, chosen in logical terms either considering the logical conjunction or the
logical disjunction). In each case, we computed the control sequence considering for two given
attractors each one of the genes. That is, we test the reachability for each and every one of
the genes and in each case we determine the shortest control sequence that allows reaching
the target attractor, if it belongs to the set of states reachable from the initial attractor. This
methodology is summarized as follows:

• Step 1. Initialize 𝑘 = 1. Then, given the Boolean gene regulatory network in its algebraic
form, recover the experimentally observed attractors.

• Step 2. Add a control input 𝑢 on the 𝑘-th node of the BN. If 𝑘 = 𝑛, go to Step 5; otherwise,
go to the next step.

• Step 3. Convert the control Boolean network into its algebraic form, and then compute
the 𝑘-th controllability matrix 𝒞𝑘 .

• Step 4. Set 𝑘 = 𝑘 + 1 and go back to Step 2.

• Step 5. Save 𝒞𝑞 𝑘, 𝑘 = 1, 2, . . . , 𝑛. Stop.

After a straightforward computation, the set of 𝐶𝑘 , 𝑘 = 1, 2, . . . , 𝑛 contains all the available
state trajectories among pairs of states, when the 𝑘-th gene is perturbed, if and only if (𝑐𝑖 𝑗)𝑘 > 0.
Furthermore, those trajectories can be restricted to a subset associated to the attractor transitions.
In what follows we briefly expose what concerns the gene regulatory network that underlies
EMT in the context of epithelial cancer.

3 Computational experiments
We present in this section the computer-based experiments that implement the reachability
analysis. These experiments are intended to uncover the role of mutations in the dynamics of
the core gene regulatory network that underlies EMT in the context of epithelial cancer.

The core gene regulatory network that underlies EMT in the context of epithelial cancer,
includes 9 nodes: Snai2, ESE2, p16, E2F, Cyclin, TELasa, NFkB, Rb, and p53. The specific
functional identity of these genes as well as the details of construction of the regulatory logic
rules from available experimental data are exposed in [7]. We simplified the original set of
logic rules to facilitate the encoding of the resulting discrete Boolean network in algebraic
terms. The simplified set of logic rules is shown in Table 1. Once the three attractors of
the network have been determined (corresponding to the epithelial phenotype, the senescent
epithelial phenotype and the stem-like mesenchymal phenotype, as shown in Figure 2), a pair
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Figure 2: Attractors of the core gene regulatory network that underllies EMT. This figure
shows the fixed-point attractors of the gene regulatory network that underlies EMT in the
context of epithelial cancer (in the form of columns, from left to right, respectively, showing
the activity states of the 9 genes involved). Which is to say: the epithelial phenotype, the
senescent epithelial phenotype, and the stem-like mesenchymal phenotype. These attractors
were obtained via the Boolnet R toolbox [10]. In the case of the attractor corresponding to the
epithelial cell phenotype, the basin of attraction includes 92 states, the one corresponding to
the stem-like mesenchymal phenotype has a basin of 288 states, and the one corresponding to
the senescent epithelial phenotype has a basin of 132 states.

of attractors is chosen and the previously exposed methodology is applied. In order to explore
all the possible transitions a control entry was added gene by gene and for each addition the
reachability analysis was performed, as well as the consequent construction of the perturbative
control action that promotes the transition towards the destination attractor in case it is feasible.
The details of the application of the methodology are found in [11], as well as the computer
code developed in MatlabTM, which is based on the tools provided in [3].

Node Simplified logic rule
Snai2 (𝑆𝑛𝑎𝑖2 ∧ 𝑁𝐹𝑘𝐵) ∨ ¬𝐸𝑆𝐸2
ESE2 ¬𝑆𝑛𝑎𝑖2 ∨ (𝐸𝑆𝐸2 ∧ ¬𝑁𝐹𝑘𝐵)
p16 (𝐸2𝐹 ∧ 𝑝16) ∨ (𝑝16 ∧ ¬𝑆𝑛𝑎𝑖2) ∨ (𝑝53 ∧ ¬𝑆𝑛𝑎𝑖2) ∨ (𝑝53 ∧ ¬𝑇𝐸𝐿𝑎𝑠𝑎)
E2f ¬𝑝53 ∧ ¬𝑆𝑛𝑎𝑖2 ∧ ¬𝑅𝑏

Cyclin (¬𝑆𝑛𝑎𝑖2 ∧ ¬𝑝16) ∨ (¬𝐸𝑆𝐸2 ∧ ¬𝑝16 ∧ 𝑁𝐹𝑘𝐵)
TELasa ¬𝐸𝑆𝐸2
NFkB 𝑆𝑛𝑎𝑖2 ∨ 𝐸𝑆𝐸2 ∨ 𝑝16 ∨ 𝑁𝐹𝑘𝐵

Rb 𝑝53 ∨ (𝑝16 ∧ 𝐶𝑦𝑐𝑙𝑖𝑛)
p53 (¬𝑆𝑛𝑎𝑖2 ∧ 𝑝16 ∧ ¬𝑇𝐸𝐿𝑎𝑠𝑎) ∨ (¬𝑆𝑛𝑎𝑖2 ∧ ¬𝑇𝐸𝐿𝑎𝑠𝑎 ∧ ¬𝑁𝐹𝑘𝐵)

Table 1: Simplified logic rules of the core gene regulatory network underlying EMT. In
this table the symbols ¬, ∧, and ∨, stand for logical negation, logical disjunction, and logical
conjunction, respectively.
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Figure 3: Promotion of phenotypic transitions. This figure shows the attractors of the dis-
crete Boolean networks that describes the gene regulatory network that underlies EMT, which
correspond to the gene expression identities of the epithelial cells, senescent epithelial cells,
and the stem-like mesenchymal cells. The 9 genes that make up the network are represented
by the small labeled circles that are around the circle that represents the cell phenotype. The
activity status is indicated in green if it corresponds to an expressed gene and in red if it is
not. The arrows represent transitions promoted by the manipulation of the activity state of a
specific gene via the action of a free sequence controller applied through logical conjunction.
The manipulated gene is shown on the left of the image by means of a small box. The color of
this corresponds to that of the promoted transition. To simplify our exposition we only depict
the transitions that results from the manipulation of p16, NFkB, ESE2, and Snai2.

4 Results

Note that in our methodology the addition of an input with a constant value equal to 0, this is
corresponding to the logical value "false", to a given gene that is active, through a regulation
action defined by the logical conjunction, simulates the loss-of-function mutation of the gene.
As for the gain-of-function mutation of a given gen, this can be simulated by a constant
regulatory action corresponding to logical disjunction acting on the gene in the inactive state
at the given attractor. Due to its interest in terms of the prevention of epithelial cancer, we have
been interested in this study particularly in the transition from the stem-like mesenchymal
cell phenotype to the epithelial cell phenotype (this because the stem-like mesenchymal cell
phenotype has a tumorigenic potential). In Figure 3 we show what results from our study in this
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Figure 4: Control sequence designed to promote a mesenchymal-to-epithelial transition.
This figure shows the free sequence control action exerted on the Snai2 gene to promote the
transition to the epithelial phenotype from the stem-like mesenchymal phenotype. The stem-
like mesenchymal phenotype is represented by the integer in base ten corresponding to the
binary representation of the corresponding attractor, this is the number 228. The epithelial
phenotype is represented by the number 332. The graphic at the top shows the transition,
while the one below shows the control action. As can be seen, a loss of function is applied to
Snai2 at instant 1, which translates into the abandonment of the mesenchymal phenotype at
instant 2. The state of loss of function of Snai2 is maintained for two instants and its recovery
does not prevent it from the phenotypic state now corresponds to the epithelial one.

case. As can be seen, it is possible to promote the transition from the undesirable mesenchymal
phenotype to the epithelial phenotype by ensuring the loss-of-function mutation of the Snai2
gene. Figure 4 shows a control sequence that promotes the desired transition.

5 Discusion
As shown in Figure 2, the basin of attraction of the stem-like mesenchymal phenotype includes
288 states. This corresponds to the 56.5% of the total possible phenotypic configurations, i.e.
29 = 512. This means that, in stochastic fluctuation terms, it is very difficult for there to be
a spontaneous transition from the stem-like mesenchymal phenotype to the most desirable
epithelial phenotype or to the senescent epithelial phenotype. However, as previously shown,
the transition can be in fact induced by a loss-of-function mutation of the Snai2 gene in the
attractor corresponding to the stem-like mesenchymal cell phenotype (see 4). Experimental
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evidence has been found on the possible induction of a Mesenschymal-to-Epithelial transition
that attenuates the malignancy of cancer [13]. This experiment was carried out through the
indirect repressive manipulation of Snai2 through the introduction of reprogramming factors in
squamous cell carcinoma (SCC) cells (the indirect repressive manipulation do not involve direct
mutation of the gene). This shows how relatively simple qualitative studies based on computer-
based analysis, such as the one presented in this paper, can motivate the exploration of new
therapeutic strategies. In terms of the control strategy used in our study to promote transitions,
between given attractors (stable cell phenotypes), and that supports our reachability analysis,
it is important to mention that it corresponds to the class of perturbative control actions. The
reachability analysis could also be performed using non-perturbative control approaches, e.g.
via the feedback vertex set [16], stable motifs [15], through algebraic methods [9], and also via
canalization-based control [8] to identify portier genes.

6 Conclusions
To conclude, since the transcriptional core gene regulatory network that underlies EMT is not
isolated from the rest of the cell’s transcriptional regulatory machinery, the class of reachability
studies, such as the one we show here, can be used to identify nodes in the network that act
to vehicle regulation processes supported by the interconnection of the network with other
transcriptional regulatory networks, such as those underlying the inflammatory response and
the cell-cycle, as well as metabolic processes and of various kinds. We must point out that
our methodology is essentially qualitative and as such complementary to other approaches.
These include bottom-up approaches that use perturbation theory to describe regulatory pro-
cesses in differential terms), as well as top-down genomic approaches. The main advantage
that characterizes methods like the one we present is that it allows us to explore hypotheses
around phenotypic plasticity, without burdening ourselves with the parametric complexity
that characterizes standard quantitative approaches.
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